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Abstract 

Based on the renormalizable theory of gravitation recently proposed by 
Hofava, we present a simple scenario to generate almost scale-invariant, 
super-horizon curvature perturbations. The anisotropic scaling with dy- 
namical critical exponent z = 3 implies that the amplitude of quantum 
fluctuations of a free scalar field generated in the early epoch of the ex- 
panding universe is insensitive to the Hubble expansion rate and, thus, 
scale- invariant. Those fluctuations are later converted to curvature pertur- 
bations by the curvaton mechanism or/and the modulated decay of heavy 
particles/oscillating fields. This scenario works, for example, for power law 
expansion a oc t^ with p > 1/3 and, thus, does not require inflation. Also, 
this scenario does not rely on any additional assumptions such as the de- 
tailed balance condition. 



1 Introduction 



Hofava [T] recently proposed a renormalizable theory of gravitation at a Lifsliitz point 
as a candidate for ultraviolet (UV) completion of general relativity. The essence of 
the theory is the following anisotropic scaling with dynamical critical exponent z = 3: 

x^bx, t^hH. (1.1) 

In the infrared (IR), due to relevant deformation by lower- dimensional operators, the 
theory flows to z = 1 and general relativity is recovered. Cosmology in this theory 
was investigated in refs. [2], [Sj HJ [5] . 

The purpose of this paper is to present a scenario of generation of scale-invariant 
cosmological perturbations, based on Horava-Lifshitz gravity. Before going into de- 
tails in the next section, let us explain the basic idea. 

The z = 3 scaling implies that a dispersion relation for a physical degree of freedom 
in the UV should be of the form 

- Kny = (1-2) 

where kphy is the physical momentum, k is the comoving momentum and a is the 
scale factor of the background Friedman- Robert son- Walker (FRW) universe. When 
uj"^ ^ H^, a mode with k does not feel the expansion of the universe and oscillates. 
On the other hand, when u"^ <^ H^, the Hubble friction acts efficiently and the mode 
freezes. Therefore, if 

dt (a^H'^) > 0, (1.3) 

then a mode with a given k initially oscillates but freezes out afterwards. In quantum 
theory, this implies generation of super-horizon quantum fluctuations. The condition 
more precise than (11. 3p will be shown later but it agrees with (11.31) for power law 
expansion a oc t^. Indeed, both conditions give p > 1/3. 

Under the scaling (II. ip with general z, a scalar fleld $ should scale as 

$ ^ b'<^>, s = (1-4) 
Therefore, the amplitude of quantum fluctuations is expected to scale as 

5$ ocE"^/" = E(3-^)/(2^\ (1.5) 

where E is the typical energy scale of the problem. In cosmology, E is set by the 
Hubble expansion rate H and thus we obtain 

5$ oc (1.6) 
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The standard result 5$ oc if in relativistic theories is recovered by setting z = 1. 
By setting z = 2, we recover the result in the ghost inflation 5$ oc H^^'^ [HI [T|. 
On the other hand, in the UV limit of Hofava-Lifshitz gravity, i.e. at 2; = 3, the 
amplitude of quantum fluctuation is insensitive to the Hubble expansion rate and, 
thus, scale- invariant. 

The rest of this paper is organized as follows. In Sec. [2] we consider a free 
scalar field in Horava-Lifshitz gravity and show that the amplitude of quantum fluc- 
tuations is insensitive to the Hubble expansion rate and, thus, scale-invariant. In 
Sec. 13] we invoke the curvaton mechanism or/and the modulated decay of heavy par- 
ticles/oscillating fields to convert quantum fluctuations of the scalar field to curvature 
perturbations. Finally, Sec. H] is devoted to a summary of this paper and discussions. 



2 Free scalar field in Hofava-Lifshitz gravity 



Let us consider a free scalar field $ in Hofava-Lifshitz gravity. In the UV, the action 
for $ should respect the scaling fll.ip with dynamical critical exponent z = 3. Since 
the scaling fll.ip treats the time coordinate and the spatial coordinates unequally, it 
is convenient to adopt the ADM decomposition of the metric [8], 

ds'^ = -N^dt^ + Qijidx' + N'dt){dx^ + N^dt), (2.1) 

where qij is the 3-dimensional spatial metric, is the lapse function, and A^* is the 
shift vector. Assuming that the time kinetic term is canonical, the action for $ should 
be of the form 



dtd^xa^Ny/q 



(2.2) 



where 



O = -IjA^ - + a - m^, (2.3) 

A is the Laplacian associated with the spatial metric q^j, M and m are mass scales 
and A is a dimensionless constant. Here, the coefficient of A in (12. 3p is set to unity 
so that the speed of propagation in the IR fixed point agrees with the speed of light, 
which is unity in our unit. Note that the coefficient of A^ in (12.31) is required to be 
positive by the z = 3 scaling and stability in the UV. 

For quantum fluctuations generated in a sufficiently early epoch of the expanding 
universe, where the Hubble expansion rate H is much greater than M, M/ -y/jAj and m, 
physical wavelengths of the corresponding modes are so short that only the highest- 
order spatial derivative term is important. Thus, in the very early universe, we can 
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set 



In the flat FRW background 



O = -\a\ 



-dt'^ + a{tY dijdx" dx\ 



the action in the UV hmit is 

luv = 7:f dtd^xa^ 
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(2.4) 
(2.5) 
(2.6) 



In this regime, the action depends only derivatively on $. Therefore, the value of 
$ averaged over a comoving size corresponding to the present horizon is generically 
non-zero: 

($) ^ 0. (2.7) 

In the following we shall investigate quantum fluctuations 5$ around the average: 
$ = ($) +(5$. 

In order to investigate quantum fluctuations, it is convenient to use the conformal 
time 7] defined by dt = adrj so that 
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wv 



drjd^x 



Noting that the Klein- Gordon norm for this system is 

{5^i,5^2)kg = j ^^^^^ {5^id^5^l - 5^13^5^ 



1) 5 



the normalized mode function is 



Ak-x 



drj 



(2. 



(2.9) 



(2.10) 



Here, this mode function is chosen so that its short-time behavior is the same as 
the positive-frequency mode function in Minkowski background and that it has the 
i)kg = ^^{k — k')/{2TT)^. Note that 0^ approaches a constant value in 



norm 



the a ^ oo limit, if the integral 



drj 



*°o dt 



(2.11) 



converges. Here, rjoc, and too are values of rj and t, respectively, in the limit a oo. 
For example, the power low expansion 



aoctP, p> 1/3 



(2.12) 



^The corresponding vacuum state minimizes the Hamiltonian of the system. 



3 



satisfies this condition. Under the condition that the integral (I2.1ip converges, a mode 
function stops oscillating and freezes out when uo = M~'^k^/a^ becomes comparable 
to the Hubble expansion rate H. Note that the corresponding wavelength at the 
freeze-out is far longer than the Hubble horizon radius, 1/H, because of the unusual 
dispersion relation, uj^ = M~^k^f^y, in the UV {H ^ M). This is the reason why 
super-horizon fluctuations can be generated without accelerated expansion of the 
universe. 

By expanding the field 5$ as 



5$ 



the operators and at satisfy 



H 1 ^k' 



The power spectrum Vg/^ is defined by 

(0|(5$fc-5$g,|0) = {2T:f5\k + k')Ps^ 



0. 



and 



so that 



Here, k 



5$. 



and the vacuum |0) is defined by 



agio) = 0, ^k. 



By using the mode function fl2.10p we obtain 



2^ 



M 
2^' 



(2.13) 

(2.14) 

(2.15) 

(2.16) 
(2.17) 

(2.18) 
(2.19) 



(2.20) 



This is insensitive to the Hubble expansion rate and, thus, scale-invariant. 

So far, we considered the UV limit of Hofava-Lifshitz gravity and showed the 
scale-invariance of quantum fluctuations in generic expanding fiat FRW background, 
provided that the integral (12. lip converges. 
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On the other hand, in the IR the theory flows to the z = 1 fixed point, where the 
local Lorentz invariance is recovered. Therefore, for quantum fluctuations generated 
at sufficiently low Hubble expansion rate, i.e. when H <^ min{M,M/^J\\\,m), the 
standard result 5$ oc if should hold. Therefore, for those fiuctuations generated at 
the IR epoch, the spectrum can be almost scale-invariant only if the Hubble expansion 
rate is almost constant, i.e. only if inflation takes place. Moreover, if fluctuations 
of today's cosmological scales are to be generated at the IR epoch, then accelerated 
expansion is necessary not only for the scale-invariance of quantum fluctuations but 
also to stretch causally generated modes to super-horizon sizes. The spectrum is in 
general red-tilted since the Hubble expansion rate decreases as the universe expands. 

In intermediate epoch, the amplitude of quantum fluctuations depends on the 
Hubble expansion rate but the dependence is not as strong as in the IR epoch. The 
higher the Hubble expansion rate is, the weaker the dependence of the amplitude on 
the expansion rate is. Therefore, for quantum fluctuations generated in sufficiently 
but not too much early epoch of the expanding universe, the spectrum depends only 
modestly on the background FRW evolution and, as a result, is only slightly tilted. 

3 Curvaton mechanism or/and modulated decay 

In the previous section we have shown that quantum fluctuations of a free scalar 
field is almost scale-invariant for generic expanding flat FRW backgrounds. However, 
in order to account for temperature anisotropics observed in the cosmic microwave 
background and density perturbations observed in the large scale structure of the 
universe, fiuctuations of the scalar field must be converted to curvature perturbations. 
For this purpose we invoke the curvaton mechanism [9[[Tni[II] or/and the modulated 
decay of heavy particles/oscillating fields. The latter is similar to the modulated 
reheating [T^fT^. 

All necessary ingredients of the curvaton mechanism are already included in the 
setup in the previous section. The value of $ averaged over a comoving size corre- 
sponding to the present horizon is expected to be non-zero, (12.71) . Scale- invariant, 
super-horizon fiuctuations around the average are also generated in the UV epoch as 
explained in the previous section. Once physical wavelengths of fiuctuations exit the 
sound horizon ~ in the UV epoch, both the average and the fiuctuations 

of $ are described by the usual Klein-Gordon equation with mass m, 

$ + 3i/$ -^ + m^^ = 0. (3.1) 

The spatial gradient term becomes important only at and after the horizon re-entry 
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in the IR epoch q Therefore, the field $ starts rolhng and oscillating around the 
origin when the Hubble expansion rate H becomes as low as m. Depending on the 
ratio m/M, this occurs in the UV epoch {m/M ^ 1), the IR epoch {m/M <^ 1) 
or the intermediate epoch {m/M ~ 0(1)). Eventually, $ decays into radiation and 
the fluctuations of $ are converted to fluctuations of radiation and, hence, curvature 
perturbations. 

Alternatively or supplement arily, we can invoke modulated decay of heavy par- 
ticles or/and oscillating flelds. Let us consider heavy particles or/and oscillating 
flelds after the scale-invariant perturbations of $ at scales of interest exit from the 
sound horizon. Suppose that, at some point, energy density of the heavy particles 
or/and the oscillating flelds amounts to some fraction of the total energy density of 
the universe They must eventually decay before nucleo synthesis. If the decay rate 
depends on the value of $ (as in the case where $ is a modulus fleld) then fluctuations 
of $ are converted to fluctuations in decay products (or, equivalently, fluctuations in 
the number of e-foldings) and, thus, to curvature perturbations. 

In both scenarios, in the IR epoch, the fc^/a^ term dominates the dispersion rela- 
tion and the corresponding sound horizon agrees with the Hubble horizon. Therefore, 
in the IR epoch, curvature perturbations re-enter the horizon as usual. See Fig. [1] for 
a schematic picture of the exit from the sound horizon in the UV epoch {H ^ M) 
and the re-entry to the horizon in the IR epoch [H <^ M). 

4 Summary and discussions 

Based on Hofava-Lifshitz gravity, we have presented a simple scenario for generation 
of almost scale- invariant, super- horizon curvature perturbations. The anisotropic 
scaling with dynamical critical exponent z = 3 implies that the amplitude of quantum 
fluctuations generated in the early epoch of the expanding universe is insensitive to 
the Hubble expansion rate and, thus, scale- invariant. In Sec. |2] we have analyzed 
mode functions of a free scalar fleld to conflrm the heuristic scaling arguments in 
SecE 

After leaving the sound horizon (corresponding to the k^/a^ term) in the UV 

■^Note that physical wavelength can re-enter the sound horizon only in the IR epoch, provided 
that the integral (|2.11[) converges. See Fig. [1] Thus, once physical wavelength for the modes of 
interest exits the sound horizon in the UV epoch, the spatial gradient can be ignored all the way 
down to the IR epoch, where the higher spatial derivative terms are negligible. 

■^Energy density of the heavy particles or/and the oscillating fields does not have to dominate 
the universe. 
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► In a 



Figure 1: Physical wavelength (~ a/k) exits the sound horizon (~ [M'^H)'^/^) in the 
UV epoch {H ^ M) and re-enters the horizon (~ H'^) in the IR epoch {H <^ M). 
In this figure, a power-law expansion a (xt^ with l/3<p<lis supposed. 
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epoch, scale-invariant fluctuations of a scalar field are frozen and then converted to 
curvature perturbations by the curvaton mechanism or /and the modulated decay of 
heavy particles/oscillating fields. This conversion can occur in either the UV epoch 
or the IR epoch (or the intermediate epoch) without spoiling the scale-invariance of 
fluctuations, as far as wavelengths of modes of interest are outside the sound horizon. 
Note that the sound horizon in the UV epoch is far outside the Hubble horizon. On 
the other hand, in the IR epoch, where k'^/a? term dominates, the corresponding 
sound horizon agrees with the Hubble horizon and curvature perturbations re-enter 
the horizon as usual. (See Fig. [H) 

This scenario works as far as the integral 02.111) converges. For example, a power 
law expansion a oc with p > 1/3 suffices and, thus, inflation is not required. Also, 
this scenario does not rely on any additional assumptions such as the detailed balance 
condition. 

So far, we have considered scalar-type cosmological perturbations. The analysis 
of tensor perturbations is essentially the same as that presented in Sec. |2] for 5$. 
Therefore, the amplitude of tensor perturbations generated in the early epoch of 
the expanding universe is also insensitive to the Hubble expansion rate and, thus, 
scale- invariant. 

As discussed at the end of Sec. Ej for quantum fluctuations generated in the 
intermediate epoch, the power spectrum modestly depends on the background FRW 
evolution and is slightly tilted. This of course applies to both scalar- and tensor-type 
perturbations. 
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Note Added 



Refs. [21 [3l H] also discuss cosmological perturbations. Here, we comment on those 
works. The first version (vl) of ref. [1] does not include discussions about scale- 
invariant cosmological perturbations. Actually, the matter action presented in vl 
does not include the term and thus cannot lead to a scale-invariant spectrum 
from non-infiationary epoch. After the present paper had appeared, the authors 
of ref. modified the matter action and added discussions about scale-invariant 
cosmological perturbations from non-infiationary epoch in the second version (v2). 
Their conclusion in v2 is essentially the same as that in the present paper. Ref. |3] 
does not consider (sound) horizon exit in the UV epoch and thus does not lead to 
scale-invariant spectrum from non-inflationary epoch. Ref. [2] investigates tensor 
perturbations from a de Sitter phase (a = —l/Hrf) but does not consider spectrum 
from non-infiationary epoch. 
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